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Motivation: Trustworthy Al

Maximize loss function

max £ (3, fo(@)
s.t.|d(z,z') <e|, |2 €][0,1]"
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Allowable perturbation Valid image constraints
with radius €

Minimize robustness radius
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s.t.|max fg(x') > fJ(z')|,|=’ € [0,1]"

Change the predicted class Valid image constraints



Motivation: Al for science & engineering
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Topology optimization results
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Topology optimization

CaTK Minimize compliance:
e (w)"’> load bearing structure

s.t. K(x)u = f,Z:ci < v,z € {0,1}"
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Materials budgets

Hard physical constraints: Valid grid constraints:
Hooke's law combinatorial constraints

Deep image prior
I(I’lin uTK(Go(B))u

s.t. K(Go(B)u = £, [Go(B)); < vo,Go(B) € {0,1}"
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https.//www.comsol.com/blogs/finding-a-structures-best-design-with-topology-optimization



Existing Software packages

Differentiable | General Specific
Solvers Nonconvex | Nonsmooth | manifold smooth constrained
constraints constraint ML problem

SDPT3, Gurobi, Cplex, TFOCS, X v X X X
CVX(PY), AMPL, YALMIP
PyTorch, Tensorflow V4 v X X X
(Py)manopt, Geomstats, McTorch, | / v "4 X X
Geoopt, GeoTorch
KNITRO, IPOPT, GENO, ensmallen | / V4 V4 V4 X
Scikit-learn, MLib, Weka V4 v X X 4

NCVX PyGRANSO: First general-purpose solver for constrained DL problems

mlil{n Fi(x), 8t.ty(x) L 0, Vo € L i(x) =0,Vi €&
xe n



Key Algorithm' G RA’S O

Nonconvex, nonsmooth, constrained min f(x), s.t. ci(x) <0,VieZ; ci(x)=0, Vieé.
EER"

Exact penalty function ¢ (x; ) = uf (x) + v(x)

; 1
Penalty sequential quadratic programmin¢ min u(f (xx) + Vf ()'d) +e's+ —d"Hid
(P-SQP) deR", seR? 2
s.t. c(xp) + Vc(xk)Td =5 =0

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm'

Advantages

10:
11
e Reliable step-size rule 12:
13;
14:
15;
e Principled stopping criterion 16:
17:
18:
19:

G RA)"S O

1: Set Hy :=1and u := uo

2: Set ¢ (-) as the penalty function given in (2) using f(-) and c(-)

3: Set V¢ (-) and v(-) as the associated gradient (4) and violation function (3)
4: Evaluate ¢g := ¢ (xo; t), Voo := Ve (xp; 1), and vy := v(xp)

5:
6
7
8
9

for k=0,1,2,... do
[dy, i1] := sqp_steering_strategy (x;, Hy, 1)
if i < pu then
/| Penalty parameter has been lowered by steering; update current iterate
Setu:=pn
Reevaluate ¢y := ¢ (xx; ), Voo := Vp (xx; ), and vy := v(xy)
_end if

[Xk+1, Pr+1, Vi1, Vit1] := inexact_linesearch(xy, ¢r, Vo, di, ¢ (), VP (-))

Compute d,, via (12) and (13)

if ||ds|l2 < T, and viy; < 7, then
/I Stationarity and feasibility sufficiently attained; terminate successfully
break

| end if

Set Hy41 using BFGS update formula
end for

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Limitations of GRANSO

f_grad imag((conj (Bty)*Cx."')/(y'*x));

f_grad = f_grad(:);
ci_grad = real((conj(Bty)*Cx."')/(y'*x));
ci_grad = ci_grad(:);

analytical gradients required

p = size(B,2);
m = size(C,1);
X = reshape(x,p,m);

vector variables only

Lack of Auto-Differentiation
Lack of GPU Support
No native support of tensor variables

= impossible to do deep learning with GRANSO

Ref: Buyun Liang, Tim Mitchell, Ju Sun. NCVX: A General-Purpose Optimization Solver for Constrained Machine and Deep Learning. In
Neural Information Processing Systems (NeurlPS) Workshop on Optimization for Machine Learning (OPT 2022).



NCVX PyGRANSO: Advantages N\ NCVX

1) Auto-Differentiation

https://ncvx.orqg/

Orthogonal Dictionary Learning (ODL)

qemn

. |
min f(q) = — 1Y |,, st |lq|,=1

function([f,fg,ci,cig,ce,cegl=comb_£fn(q)

f = 1/m*norm(q’*Y, 1); % obj

[fg = 1/m*Y*sign(Y’*q); % obj grad |

ci = []; cig = [1; % no ineq constr

q’*q - 1; % eq constr

[ceg = 2%q; % eq constr grad |
end
soln = granso(n,comb_fn);

Analytical gradients

def comb_fn(X_struct):
q = X_struct.q
f = 1/m*norm(q.TQY, p=1) # obj
ce = pygransoStruct ()
ce.cl = q.T@q - 1 # eq constr
return [f,None,ce]
var_in = {"q": [n,1]} # define variable
soln = pygranso(var_in,comb_fn)

No Analytical gradients

Demo 1: GRANSO for ODL

Demo 2: PyGRANSO for ODL

Ref: Buyun Liang, Tim Mitchell, Ju Sun. NCVX: A General-Purpose Optimization Solver for Constrained Machine and Deep Learning. In
Neural Information Processing Systems (NeurlPS) Workshop on Optimization for Machine Learning (OPT 2022).


https://ncvx.org/

NCVX PYyGRANSO: Advantages N CVX

2) GPU acceleration for large scale problems httos://ncvx.ora/

Orthogonality-constrained RNN

GPU: ~7.2 s for 100 iter CPU: ~17.6 s for 100 iter

B0Eo NSO with auto-differentiation
th aut
)

n 1 = .
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Ref: Buyun Liang, Tim Mitchell, Ju Sun. NCVX: A General-Purpose Optimization Solver for Constrained Machine and Deep Learning. In

Neural Information Processing Systems (NeurlPS) Workshop on Optimization for Machine Learning (OPT 2022).


https://ncvx.org/

NCVX PyGRANSO: Advantages N\ NCVX

3) General Tensor Variables https:/ncvx.ora/
_ : - # objective function
var_in = {"x1": [1], "x2": [1]} f = (8 % abs(x1%%2 - x2) + (1 - x1)%%2)
Scalar input

# objective function

var_in = {"q": [n,1]} qtY = q.T@ Y
f = 1/m * torch.norm(qtY, p = 1)

Vector input
iR = [UMY. Cmgn. # objective function
var_n UL, 02,0508 Lol a2y f = torch.norm(M, p = 'nuc') + eta * torch.norm(S, p = 1)
Matrix inputs

adv_inputs = X_struct.x_tilde

var_in = {"x_tilde": list(inputs.shape)} epsilon = eps
logits_outputs = model(adv_inputs)
f = ~torch.nn.functional.cross_entropy(logits_outputs, labels)

Higher order tensor input

Ref: Buyun Liang, Tim Mitchell, Ju Sun. NCVX: A General-Purpose Optimization Solver for Constrained Machine and Deep Learning. In
Neural Information Processing Systems (NeurlPS) Workshop on Optimization for Machine Learning (OPT 2022).
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Practical & Crucial Technigues

1. Constraint-folding

0.. .se
\/ Running Time: 4662.2 s
Reduce # constraints 5 / 4
L] Reduce cost of QP in the SQP 0 6 12 180 4 8

(8) n box constraints  (b) foded constrain
Equality into non-negative inequality hj (;1;) =0 < |hj (ag)| <0
Inequality into nonnegative inequality ci(x) < 0 <= max{c;(x),0} <0
All non-negative inequalities into one F(ha(2)], - -+, |hi(z)], max{ei (x), 0},

- ,max{c;(x),0}) <0,
F i Ri_“ — Ry (Ry = {a:a>0}) Canbeany function satisfying F(z)=0=2=0

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



Practical & Crucial Technigues

2. TWO'Stage optimization Algorithm  Selection of z(*:¥) and z(*:%) in the
two-stage process

Numerical methods may converge to poor L

minima for NCVX problems Require: Initialization (™% and the correspond-

ing intermediate optimization results z("%).
. if Any z("*) is feasible then
Set 2(**¥) to be the feasible z{"*)’s with the

[

Idea: different random initializations

2;
least objective value.

Stage 1 (selecting the best initialization) 3: else
R different random initialization; 4 Set z**) to be the z("*) with the least
k iterations constraint violation.

5. end if
Stage 2 (optimization) 6: Set z(*) corresponds to z(**) found.
x*9 until the stopping criterion is met 7. return z(**) and z£(*:0),

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



Practical & Crucial Technigues
3. Numerical Re-scaling

Large amount of constraints: searching direction biased towards staying feasible

Rescaling rar,l,l’?t mmt Vn >Rescal|ng objective
s.t. maxfy(x') > fY(x'
#yfe( ) = fo () —> st r&a,;cfe(w)zfe(m)
d(z, ') <tz €[0,1]" dlz, ') <t, =’ €[0,1]"
Folding scale: O(y/n) 0 — ObjValue 15 —— Obj Value
Violation Violation
0.5 0.5
00 ................................ 00\
0 25 50 0 25 50
(a) min ¢t (b) min t-+/n

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



max £ (y, fo(2'))
Practical & Crucial Techniques st d@a)<e, 2l eo,1]"

min d (xz,z’)

4. Reformulation to accelerate convergence = o
st m;xf},(a: )= o), =€ [0,1]"
FY
Metric d 2 2 Lo Others
max t(y, fo (') t(y, fo (') t(y, fo (') t(y, fo (')
8. t. 2" —=||, <€ |2’ = 2|, <€ |max{z’ —x — €1, diz;z) <¢
0}l2< 0

|max{concat (—z’, ' — 1), 0}||> <0

min 17¢ |’ — ||, t d(z', )
S. t. |lmax{ |l max{
concat(z’ —x — ¢, Not concat(x’ —x — t1, Not
-z’ +x —t), 0}|2<0 Applicable —x' +x —t1), 0}|[2<0 Applicable

maxizy fo(@') > fg (')

|max{concat (—z’, ' — 1), 0}/ <0

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



Example: Adversarial Robustness

Maximize loss function [EEEERSUURIIPSEgia ok
/
mz}xf(y,fg(a: )) X _prime = X struct.x prime
£
8. %. d(:c,a:’) <egl, x' e [0, l]n f = loss func(y, f theta(x prime))
Allowable perturbation Valid image constraints ci = pygransoStruct()
with radius € ci.cl = d(x,x prime) - epsilon
ci.c2 = -x prime
Minimize robustness radius ci.c3 = x prime-1
min d(x,x’) e
x’ )
—— - - [f,ci,ce]
s. t.|max fg(x') > fg(2'),|2’ € [0,1]"
7Y var in = {"x prime": list(x.shape)}

- Valid image constraints
Change the predicted class J soln = pygranso(var in,comb fn)




max £ (y, fo(x'))
Example: Adversarial Robustness st d@a)<e, =<0

min d(x,z’)

Standard Lp norm s. t. m;?x fa@) > fi), = €[0,1"
1FY
APGD PWCEF (ours) Square
Dataset Metric (¢) Clean CE M CE+M | CE M CE+M M
CIFAR-10 41(12) 73.29 097 0.00 0.00 17.93 0.01 0.01 2.28

£>(0.5) 94.61 81.81 81.06 80.92 | 81.99 81.02 80.87 87.9

£5(0.03) 90.81 69.44 67.71 67.33 | 83.71 68.20 68.17 71.6

ImageNet-100  £2(4.7) 75.04 42.44 44.06 40.86 | 42.50 43.52 40.60 63.1

£5(0.016) 75.04 46.78 47.54 45.20 | 73.92 47.72 47.72 59.9

NCVX performs strongly and comparable to SOTA as a general solver

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



max £ (y, fo(z'))

Example: Adversarial Robustness st d@a)<e, =<0

. !
| d(@,) = |¢(@) - ('), i)
Perceptual distance where é(x) = [ g1(x),...,9c(x) ] s. t. m;?x fo(x') > =z, = €01
i#y
cross-entropy loss margin loss

Method Viol. (%) | Att. Succ. (%) * Viol. (%) | Att. Succ. (%) 1

Fast-LPA 73.8 3.54 41.6 56.8
LPA 0.00 80.5 0.00 97.0
PPGD 5.44 25.5 0.00 38.5
PWCF (ours)  0.62 93.6 0.00 100

NCVX can handle general-form distances

Ref: Hengyue Liang, Buyun Liang, Le Peng, Ying Cui, Tim Mitchell, Ju Sun. Optimization and Optimizers for Adversarial Robustness. Under
review at International Journal of Computer Vision (IJCV).



Summary

A solver for constrained deep learning problems
e Auto-differentiation
e GPU support
e Tensor variable support

Practical techniques to speed up
e Constraint folding (into a single one)
e Two stage-optimization
e Objective and constraint rescaling
e Reformulation

Next steps
e Autoscaling
e Stochastic Optimization
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Key Algorithm' G RA’S O

Nonconvex, nonsmooth, constrained min f(x), s.t. ci(x) <0,VieZ; ci(x)=0, Vieé.
EER"

Exact penalty function ¢ (x; ) = uf (x) + v(x)

; 1
Penalty sequential quadratic programmin¢ min u(f (xx) + Vf ()'d) +e's+ —d"Hid
(P-SQP) deR", seR? 2
s.t. c(xp) + Vc(xk)Td =5 =0

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm' G RA’S O

Corresponding dual
1
max  uf () + () A = 2 (WY () + Ve@R) TH ' (W9 () + Ve@oh)
St O =xe (8)

Primal solution (recovered from dual
solution): searching direction

dp = —H; ' (WVf (i) + Ve ). )

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm'

Linear model of constraint violation

I(d;x;) := || max{c(x) + Ve(n)'d, 0}

Corresponding reduction

Is(d;xi) :=1(0;x¢) — I(d; x)
= v(x) — || max{c(x) + Veln)'d, 0}

G RA’S O

Procedure 1 [dy, (new] = sqp_steering_strategy(xy, Hy, i)

Input:
Current iterate x; and BFGS Hessian approximation Hy
Current value of the penalty parameter p
Constants:
Values ¢, € (0,1) and ¢, € (0,1)
Output:
Search direction dj,
Penalty parameter pew € (0, ]

1: Solve QP (8) using pnew := 1 to obtain search direction dj from (9)
2: if Is(dy; x,) < c,v(x;) then

3:  Solve (8) using u = 0 to obtain reference direction Zik from (9)

4: while I5(dy;xy) < c,ls(dy;x;) do

5: Mnew = CyMnew

6: Solve QP (8) using 4 := yew to obtain search direction d; from (9)
7 end while

8: end if

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm' G RA’S O

Gradient from L most recent iterates
! ! G := [Vf kr1-1) - - - Vf ()]

Ji = [Veilxxg1—1) -~ Ve, ie€{l,...;p}

Augmented QP 1o+ e i .
ae]R’ AeRP’ ZCl(xk)e & |:)»:| (G, J1,....Jp,] H ' [G, Ty, .., Jp] [A]

st. O<h,=e, do=pu 020, (12)

A | (o)
Primal solution: termination condition do = Hk (G, J1,. .. ’Jp] [A]

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm' G RA’S O

Augmented QP Zc,(xk)e Aip— = TG Jr, e ]TH (G, Jl,...,J] 0
aeR’ )\GRP’ ; )"

st. 0<A;<e, eo=u, 0>0. (12)

Stationarity based on (approximate) gradient sampling

Gy i= [VF(&*) V@) - Vi(ahm)]
i 1 2 : ;
,Jin 5 |GrAl3 Direction at m
Sk, TS . e
st. 1°A=1, A>0 Gradient sampling direction

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Key Algorithm'

Advantages

10:
11
e Reliable step-size rule 12:
13;
14:
15;
e Principled stopping criterion 16:
17:
18:
19:

G RA)"S O

1: Set Hy :=1and u := uo

2: Set ¢ (-) as the penalty function given in (2) using f(-) and c(-)

3: Set V¢ (-) and v(-) as the associated gradient (4) and violation function (3)
4: Evaluate ¢g := ¢ (xo; t), Voo := Ve (xp; 1), and vy := v(xp)

5:
6
7
8
9

for k=0,1,2,... do
[dy, i1] := sqp_steering_strategy (x;, Hy, 1)
if i < pu then
/| Penalty parameter has been lowered by steering; update current iterate
Setu:=pn
Reevaluate ¢y := ¢ (xx; ), Voo := Vp (xx; ), and vy := v(xy)
_end if

[Xk+1, Pr+1, Vi1, Vit1] := inexact_linesearch(xy, ¢r, Vo, di, ¢ (), VP (-))

Compute d,, via (12) and (13)

if ||ds|l2 < T, and viy; < 7, then
/I Stationarity and feasibility sufficiently attained; terminate successfully
break

| end if

Set Hy41 using BFGS update formula
end for

Ref: Curtis, Frank E., Tim Mitchell, and Michael L. Overton. "A BFGS-SQP method for nonsmooth, nonconvex, constrained optimization and its
evaluation using relative minimization profiles." Optimization Methods and Software 32.1 (2017): 148-181.



Limitations of GRANSO GRAWSO

f_grad imag((conj (Bty)*Cx."')/(y'*x));

f_grad = f_grad(:);

ci;gfé& = Feai((ﬁoﬁi(étys;éx.'5)(9;¥x)):

ci_grad = ci_grad(:);

analytical gradients required Lack of Auto-Differentiation
2 I N R Lack of GPU Support
. = size(C,1); No native support of tensor variables
X = reshape(x,p,m);

= impossible to do deep learning with GRANSO
vector variables only



